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4 $\mathrm{R}^{4}$ generic Cartan
( )
“ admissible coordinate system ”
admissible coordinate system $\{x^{1}, x^{2}, x^{3}\}$
$g$ $s$ :
(1. 1) $g=e^{2P(x)}\{e^{2f(x)}(dx^{1})^{2}+e^{2h(x)}(dx^{2})^{2}+(dx^{3})^{2}\}$,
$P(x)=P(x^{1}, x^{2}, x^{3})_{\text{ }}$ $f(x)=f(x^{1}, x^{2}, x^{3})_{\text{ }}$ $h(x)=h$ ($x^{1},$ $x^{2}$ , x3)
(1.2) $s=e^{2P(x)}\{e^{2f(x)}\lambda(x)(dx^{1})^{2}+e^{2h(x)}\mu(x)(dx^{2})^{2}+\nu(x)(dx^{3})^{2}\}$,




( ) $g$ $g$
$\psi\ovalbox{\tt\small REJECT}\psi$ , $x^{2},$ $x^{3}$ ) $\ovalbox{\tt\small REJECT}$ $f$ $x^{\ovalbox{\tt\small REJECT}}$ $f_{\ovalbox{\tt\small REJECT}}$
2 $\mathit{2}\ovalbox{\tt\small REJECT}\partial x^{\ovalbox{\tt\small REJECT}}\partial x^{\sim}$ $f_{ij}$
(1.3) $\psi_{12}=(P+f)_{2}(P+h)_{1}-P_{12}$ , $\psi_{13}=(P+f){}_{3}P_{1}-P_{13}$ ,
$\psi_{23}=(P+h){}_{\mathit{3}}P_{2}-P_{2\mathit{3}}$ .
$\psi$ $\psi$ (
) $\mathrm{R}^{4}$ (resp. $S^{4}$ )
(1.1)
:






admissible coordinate system admissible
coordinate system $\{x^{1}, x^{2}, x^{\mathit{3}}\}$ (1.1)
(1.8) $g=e^{2P(x)}\{(\cos\varphi(x))^{2}(dx^{1})^{2}+(\sin\varphi(x))^{2}(dx^{1})^{2}+(dx^{\mathit{3}})^{2}\}$
(1.9) $g=e^{2P(x)}\{(\cosh\varphi(x))^{2}(dx^{1})^{2}+(\sinh\varphi(x))^{2}(dx^{1})^{2}+(dx^{\mathit{3}})^{2}\}$
$P(x)=P(x^{1}, x^{2}, x^{3})$ $\varphi(x)=\varphi(x^{1}, x^{2}, x^{\mathit{3}})$ (1.8)&
$|_{\sqrt}\mathrm{a}$ $e^{2P(x)}\sin 2\varphi(x)$ $e^{2P(x)}$
$x_{\text{ }^{}1}x_{\text{ }^{}2}x^{3}$ $x_{\text{ }^{}2}$
$x_{\text{ }^{}\mathit{3}}x^{1}$ (1.9) Guichard net
(1.1) (1.8) (1.1) 2 $f$ $h$
(1.8) 1 $\varphi$ Hertrich-Jeromin
2 $\{\psi, \varphi\}$ (1.8)
(1.9) ( )




(1.10) $\psi_{12}=-\varphi_{1}\varphi_{2}$ , $\psi_{13}=\varphi_{13}\cot\varphi$ , $\psi_{23}=-\varphi_{23}\tan\varphi$ .
(1.11) $\varphi_{123}=-\varphi_{1}\varphi_{23}\tan\varphi+\varphi_{2}\varphi_{13}\cot\varphi$.
(1.9) $(\tanh\varphi)^{-1}$ $\coth\varphi$
(1.12) $\psi_{12}=\varphi_{1}\varphi_{2}$ , $\psi_{13}=\varphi_{13}\coth\varphi$ , $\psi_{23}=\varphi_{23}\tanh\varphi$ .
(1.13) $\varphi_{123}=\varphi_{1}\varphi_{2\mathit{3}}\tanh\varphi+\varphi_{2}\varphi_{13}\coth\varphi$ .
generic 3 $\varphi_{1}=$
$0_{\text{ }}\varphi_{2}=0\text{ }\varphi_{3}=0$ 3
1 generic $\mathrm{R}^{4}$ (resp. $S^{4}$ )
(1.8) (1.9) $P=P(x^{3})$
$P=P(x^{3})$ (1.3) $\psi_{13}=\psi_{23}=0$
[ (1.10) (1.12) $\varphi_{1\mathit{3}}=\varphi_{23}=0$ $\varphi_{1}\neq 0_{\text{ }}\varphi_{2}\neq 0$
$\varphi_{3}\neq 0$ $\varphi_{13}=\varphi_{23}=0$ $\mathrm{R}^{4}$ generic
$\varphi_{1\mathit{3}}=\varphi_{23}=0$ $\varphi$
(1.14) $\varphi(x^{1}, x^{2}, x^{\mathit{3}})=A(x^{1}, x^{2})+B(x^{3})$
\S 2 (1.8) $P=P(x^{3})$ \S 3
(1.9)






(2.2) $\varphi(x^{1}, x^{2}, x^{3})=A(x^{1}, x^{2})+B(x^{3})$
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$\mathrm{R}^{3}$ ( $2.\mathfrak{y}$ ( $P$ $P\ovalbox{\tt\small REJECT} P(x^{3})$
) $\varphi(x^{1}, x^{2}, x^{3})$ (22) $\mathrm{R}^{3}$ ( $\mathrm{R}^{3}$
) (net) $\{x^{1}, x^{2}, x^{3}\}$ $\mathrm{R}^{3}$
Guichard net
2.1. $\{x^{1}, x^{2}, x^{3}\}$ $R^{\mathit{3}}$ ( ( $R^{\mathit{3}}$ ) Guichard net $R^{3}$
$g$ net} (2.1)
$A_{1}\neq 0$ $A_{2}\neq 0$ 1 $A(x^{1}, x^{2})$ $B_{3}\neq 0$
$B(x^{\mathit{3}})$
$\varphi$ :
(2.3) $\varphi(x^{1}, x^{2}, x^{3})=A(x^{1}, x^{2})+B(x^{3})$ .
(1) (2) (3) (4) :
(1) $R^{\mathit{3}}$ x3





$G$ $B(x^{3})$ ( )
(4) (3) $G^{2}=E^{2}$ Guichard net $R^{\mathit{3}}$
2.1-(2) Sine-Gordon $\sin(2A)$ $E^{2}$
$E^{2}$ $x^{1}$ $x^{2}$
2.1-(2)
2.1 $\varphi(x^{1}, x^{2}, x^{\mathit{3}})=A(x^{1}, x^{2})+B(x^{3})$ generic
( 2.4 25) 22
23
22. $R^{4}$ $S$ : $(x^{1}, x^{2})\}arrow \mathrm{f}(x^{1}, x^{2})$ $\in R^{4}$ $S$
normal bundle $\{\mathrm{n},\overline{\mathrm{n}}\}$
$\mathrm{n}_{1}=\kappa_{1}(x^{1}, x^{2})\mathrm{f}_{1}$ , $\mathrm{n}_{2}=\kappa_{2}(x^{1}, x^{2})\mathrm{f}_{2}$ ,
$\overline{\mathrm{n}}_{1}=\overline{\kappa}_{1}(x^{1}, x^{2})\mathrm{f}_{1}$ , $\overline{\mathrm{n}}_{2}=\overline{\kappa}_{2}(x^{1}, x^{2})\mathrm{f}_{2}$
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$\kappa_{\ovalbox{\tt\small REJECT}}(x^{1}, x^{2})$ $\ovalbox{\tt\small REJECT}_{i}(x^{1}, x^{2})$ $S$
$S$ 2 $l(x^{3}),$ $m(x^{3})(l(0)\ovalbox{\tt\small REJECT} m(0)\ovalbox{\tt\small REJECT} 0)$ $R^{4}$
$\mathrm{p}\ovalbox{\tt\small REJECT}(x^{1}, x^{2}, x^{3})\mapsto \mathrm{p}(x^{1}, x^{2}, x^{3})CR^{4}$
$\ovalbox{\tt\small REJECT}$
(2.4) $\mathrm{p}(x^{1}, x^{2}, x^{\mathit{3}})=\mathrm{f}(x^{1}, x^{2})+l(x^{3})\mathrm{n}(x^{1}, x^{2})+m(x^{\mathit{3}})\overline{\mathrm{n}}(x^{1}, x^{2})$ .
$(l(x^{3}), x(x^{3}))$ $R^{2}$
$\mathrm{p}$
2.1 $A=A(x^{1}, x^{2})$ $B=B(x^{3})(B(0)=\mathit{0})$
(2.5) $e^{2P(x^{3})}\{\cos^{2}(A+B)(dx^{1})^{2}+\sin^{2}(A+B)(dx^{2})^{2}+(dx^{\mathit{3}})^{2}\}$
$S$ $R^{3}$ $S^{3}$
. $\mathrm{p}(x^{1}, x^{2},0)$ $\mathrm{p}_{1}.--\mathrm{f}_{1\text{ }}$ p2 $=\mathrm{f}_{2}$ . $\mathrm{f}$
{ $e^{2P(0)}\{\cos^{2}A(dx^{1})^{2}+\sin^{2}A(dx^{2})^{2}\}$ $e^{P(0)}\mathrm{f}(x^{1}, x^{2})$
$\mathrm{f}(x^{1}, x^{2})$ [ $e^{P(0)}=1$ $(l_{\mathit{3}}^{2}+m_{\mathit{3}}^{2})(0)=1$
( $\mathrm{p}(x^{1}, x^{2}, x^{3})$
(2.6) $||\mathrm{p}_{1}||^{2}=(1+l\kappa_{1}+m\overline{\kappa}_{1})^{2}\cos 2A$ ,
$||\mathrm{p}_{2}||^{2}=(1+l\kappa_{2}+m\overline{\kappa}_{2})^{2}\sin 2A$ , $||\mathrm{p}_{\mathit{3}}||^{2}=l_{3}^{2}+m_{3}^{2}$
$\cos A\geq 0,$ $\sin A\geq 0,$ $(1+l\kappa_{1}+m\overline{\kappa}_{1})\geq 0,$ $(1+l\kappa_{2}+m\overline{\kappa}_{2})\geq 0$
(2.5) (2.6)
(2.7) $\cos(A+B)=\frac{1+l\kappa_{1}+m\overline{\kappa}_{1}}{\sqrt{l_{3}^{2}+m_{3}^{2}}}\cos A$ , $\sin(A+B)=\frac{1+l\kappa_{2}+m\overline{\kappa}_{2}}{\sqrt{l_{3}^{2}+m_{\mathit{3}}^{2}}}\mathrm{s}.\mathrm{n}A$
(2.7)
(2.8) $\cos B-\frac{1}{\sqrt{l_{3}^{2}+m_{3}^{2}}}=\frac{l}{\sqrt{l_{3}^{2}+m_{3}^{2}}}(\kappa_{1}\cos 2A+\kappa_{2}\sin 2A)$
$+ \frac{m}{\sqrt{l_{\mathit{3}}^{2}+m_{3}^{2}}}(\overline{\kappa}_{1}\cos 2A+\overline{\kappa}_{2}\sin 2A)$
(2.9) $\sin B=\sin$ A $\cos A\{\frac{l}{\sqrt{l_{3}^{2}+m_{3}^{2}}}(\kappa_{2}-\kappa_{1})+\frac{m}{\sqrt{l_{3}^{2}+m_{\mathit{3}}^{2}}}(\overline{\kappa}_{2}-\overline{\kappa}_{1})\}$
(2.8) $l/\sqrt{l_{3}^{2}+m_{3}^{2}},$ $m/\sqrt{l_{3}^{2}+m_{\mathit{3}}^{2}}$ $x^{3}$
$(l(x^{\mathit{3}}), m(x^{3}))$ $C_{1}$ $C_{2}$
(2.10) $(\kappa_{1}\cos 2A+\kappa_{2}\sin 2A)=C_{1}$ , $(\overline{\kappa}_{1}\cos 2A+\overline{\kappa}_{2}\sin 2A)=C_{2}$
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(2.9) $C_{\mathit{3}}$ $C_{4}$
(2.11) $\sin$ A $\cos A(\kappa_{2}-\kappa_{1})=C_{3}$ , $\sin$ A $\cos A(\overline{\kappa}_{2}-\overline{\kappa}_{1})=C_{4}$
(2.10) (2.11)
$\kappa_{1}=C_{1}-C_{\mathit{3}}\tan A$ , $\kappa_{2}=C_{1}+C_{\mathit{3}}\cot A$ ,
$\overline{\kappa}_{1}=C_{2}-C_{4}\tan A$ , $\overline{\kappa}_{2}=C_{2}+C_{4}\cot A$
( $C_{\mathit{3}}=0$ a $\mathrm{n}=\mathrm{a}+C_{1}\mathrm{f}$
$<\mathrm{a}+C_{1}\mathrm{f},$ $\mathrm{f}_{i}>=<\mathrm{n},$ $\mathrm{f}_{i}>=0(i=1,2)$ $||\mathrm{a}+C_{1}\mathrm{f}||=$
$\mathrm{f}$ $C_{3}\neq 0,$ $C_{4}\neq 0$ )
(2.12) $\mathrm{n}_{1}=(C_{1}-C_{\mathit{3}}\tan A)\mathrm{f}_{1}$ , $\mathrm{n}_{2}=(C_{1}+C_{\mathit{3}}\cot A)\mathrm{f}_{2}$ ,








$<C_{4}\mathrm{n}-C_{\mathit{3}}\overline{\mathrm{n}},$ $\mathrm{f}>=<\mathrm{a},$ $\mathrm{f}>+<\mathrm{f},$ $\mathrm{f}>$ $x^{i}(i=1,2)$
(2.15) $<\mathrm{f}_{i},$ $\mathrm{f}>+<C_{4}\mathrm{n}-C_{\mathit{3}}\overline{\mathrm{n}},$ $\mathrm{f}_{i}>=<\mathrm{a},$ $\mathrm{f}_{i}>+2<\mathrm{f}_{i},$ $\mathrm{f}>$
$\mathrm{n}$








$|_{\sqrt}\mathrm{a}$ $S^{3}$ $\mathrm{a}$ 22{
“ 2.1 $A(x^{1}, x^{2})$ (1) (2)
$\mathrm{R}^{\mathit{3}}$
$S^{3}$ :(1) (2) 22
normal bundle
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23. 2.1-( $A(x^{1}, x^{2})$ $R^{3}$ 1




$s_{ii}(i=1,2)$ i $x^{1}$ $x^{2}$
$A$ $E^{2}>0$ $R^{\mathit{3}}$ $S^{\mathit{3}}$
:
0) $R^{\mathit{3}}$ :
$\hat{s}=E\sin$ A $\cos A\{(dx^{1})^{2}-(dx^{2})^{2}\}$ .
(2) $S^{3}$ :
$\hat{s}=\sqrt{E^{2}+1}\sin$ A $\cos A\{(dx^{1})^{2}-(dx^{2})^{2}\}$ .
. $\hat{g}$ $K$
(2.18) $K=-(A_{11}-A_{22})/$ ( $\sin$ A $\cos A$ ) $=-E^{2}$
(2.19) $s_{11}=Ea(x^{1}, x^{2})\cos 2A$ , $s_{22}=Eb(x^{1}, x^{2})\sin 2A$
$S$ $\mathrm{R}^{3}$ 1 $S^{3}$
[ (2.18)
(2.20) $ab=-1$ , or $ab=-1-E^{-2}$
Coddazi
(sll)/\partial x2 $=\Gamma_{12}^{1}s_{11}-\Gamma_{11}^{2}s_{22}$ , $\partial(s_{22})/\partial x^{1}=-\Gamma_{22}^{1}s_{11}+\Gamma_{12}^{2}s_{22}$
(2.21) a2 $\cos A=(a-b)A_{2}\sin A$ , $b_{1}\sin A=(a-b)A_{1}\cos A$
$a$ $b$ ( 22 ( $(2.12)$ (2.13)) $a=a(A)$ , $b=$
$b(A)$ $a’=\partial a/\partial A$ , $b’=\partial b/\partial A$ (2.21)
$(a-b)’=(a-b)(\sin A/\cos A -\cos A/\sin A)$ : $C$
(2.22) $(a-b)=C/$ ($\sin$ A $\cos A$ )
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$S$ $S^{\mathit{3}}$ (2.20) (2.22) $a$ $b$ $t$ l 2
:
$t^{2}-(C/\sin A\cos A)t+(1+E^{-2})=0$ .
(2.12) (2.13) $a$ $b$ ( $\sin A$ $\cos A$
2 $D$ :
$D=\{C^{2}-(1+E^{-2})\sin^{2}(2A)\}/\sin^{2}$ A $\cos 2A$ .
$C^{2}=(1+E^{-2})$ ( $\mathrm{R}^{3}$ $C^{2}=1$ )
$a$ $b$ [ $(\sqrt{E^{2}+1}/E)\sin A/\cos A$ $(\sqrt{E^{2}+1}/E)\cos A/\sin A$
(2.21) $\hat{s}$
$\hat{s}=\sqrt{E^{2}+1}\sin$ A $\cos A\{(dx^{1})^{2}-(dx^{2})^{2}\}$
( $\mathrm{R}^{3}$
$\hat{s}=E\sin$ A $\cos A\{(dx^{1})^{2}-(dx^{2})^{2}\}$
)q.e.d.
23
24. $A=A(x^{1}, x^{2})$ $B(x^{3})$ 2.1-(2)




$\hat{s}=E\sin$ A $\cos A\{(dx^{1})^{2}-(dx^{2})^{2}\}$ .




1 : 2.4 $A_{1}=0$ $\mathrm{R}^{3}$
$\mathrm{f}(x^{1}, x^{2})$ $\mathrm{p}(x^{1}, x^{2}, x^{\mathit{3}})$
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25. $A\ovalbox{\tt\small REJECT} A(x^{1}$ , x $B(x^{3})$ 2. $L(\ovalbox{\tt\small REJECT}$
$S$ $A$ 1 $S^{3}$
$S$ $\ovalbox{\tt\small REJECT}$ $\ovalbox{\tt\small REJECT}$
$\ovalbox{\tt\small REJECT}$
$\hat{g}=\cos^{2}A(dx^{1})^{2}+\sin^{2}A(dx^{2})^{2}$ ,
$\hat{s}=\sqrt{E^{2}+1}\sin$ A $\cos A\{(dx^{1})^{2}-(dx^{2})^{2}\}$ .







. $S$ ( $S^{3}$ { $S:(x^{1}, x^{2})\vdasharrow \mathrm{f}(x^{1}, x^{2})\in S^{\mathit{3}}$
(2.4) $\mathrm{f}(x^{1}, x^{2})$ $S^{3}$
$\mathrm{n}(x^{1}, x^{2})$ $S^{3}$ $S$
$\mathrm{p}(x^{1}, x^{2}, x^{3})=(1+l(x^{3}))\mathrm{f}(x^{1}, x^{2})+m(x^{3})\mathrm{n}(x^{1}, x^{2})$
$\mathrm{n}_{1}=-\sqrt{E^{2}+1}\sin A/\cos$ A $\mathrm{f}_{1}$ , $\mathrm{n}_{2}=\sqrt{E^{2}+1}\cos A/\sin$ $A$ f2
(2.7) :
$\cos(A+B)=\frac{(1+l)\cos A-\sqrt{E^{2}+1}m\sin A}{\sqrt{l_{3}^{2}+m_{3}^{2}}}$ ,
$\sin(A+B)=\frac{(1+l)\sin A+\sqrt{E^{2}+1}m\cos A}{\sqrt{l_{3}^{2}+m_{3}^{2}}}$ .
(2.23) $\cos B=(1+l)/\sqrt{l_{3}^{2}+m_{3}^{2}}$ , $\sin B=\sqrt{E^{2}+1}m/\sqrt{l_{3}^{2}+m_{\mathit{3}}^{2}}$
(2.23) $l$ $m$ $\mathrm{p}$ generic
$\overline{l}=(1+l),$ $C=\sqrt{l_{3}^{2}+m_{3}^{2}}$
(2.24) $m=\overline{l}\tan B/\sqrt{E^{2}+1}$, $\overline{l}^{2}+(E^{2}+1)m^{2}=C^{2}$
$m$ $m_{3}=(\overline{l}_{\mathit{3}}\sin B\cos B+\overline{l}B_{\mathit{3}})/(\sqrt{E^{2}+1}\cos 2B)$ (2.24)
$\cos 2B(E^{2}\cos 2B+1)(\frac{\overline{l}_{3}}{\overline{l}})^{2}+2B_{\mathit{3}}\sin B\cos B\frac{\overline{l}_{\mathit{3}}}{\overline{l}}+\{B_{\mathit{3}}^{2}-(E^{2}+1)\cos 2B\}=0$
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$(\overline{l}_{\mathit{3}}/\overline{l})$ $(B_{\mathit{3}})^{2}=G^{2}-E^{2}\sin 2B$ $D$
$D/4=(E^{2}+1)(E^{2}+1-G^{2})\cos 4B$














. $\Phi$ $\mathrm{R}^{3}$ $\Phi^{*}g_{S}$ $\Phi_{1}$ : $\mathrm{R}^{3}arrow S^{3}$
$\Phi_{2}$ : $S^{3}arrow S^{3}$ $S^{\mathit{3}}$ $\Phi=\Phi_{2}\circ\Phi_{1}$ $\Phi_{2}$
( inversion $\Phi_{2}(y)=y/||y$ ||2 $y=\{y^{1}, y^{2}, y^{3}\}$ $\mathrm{R}^{\mathit{3}}$
$\Phi_{1}^{*}g_{S}=\frac{4}{(1+||y||^{2})^{2}}\{(dy^{1})^{2}+(dy^{2})^{2}+(dy^{3})^{2}\}$ , $\Phi_{2}^{*}g_{E}=\frac{1}{||y||^{4}}\{(dy^{1})^{2}+(dy^{2})^{2}+(dy^{3})^{2}\}$
$\Phi^{*}g_{S}=e^{2P(y)}g_{E}$ ( $P(y)=0$ ( $\mathrm{R}^{3}$
$S^{2}$ q.e.d.
21. $E^{2}>G^{2}$ $\{A(x^{1}, x^{2}), B(x^{3})\}$ $(\text{ }$
24 2 )2 generic
. 2.4 $\mathrm{p}$ ( $x^{1},$ $x^{2}$ , x3) 25
$\overline{\mathrm{p}}(x^{1}, x^{2}, x^{3})$ } B
$\mathrm{p}=(\mathrm{f}(x^{1}, x^{2})+l(x^{\mathit{3}})\mathrm{n}(x^{1}, x^{2}),$ $m(x^{\mathit{3}}))$ , $\overline{\mathrm{p}}=(1+\overline{l}(x^{3}))\overline{\mathrm{f}}(x^{1}, x^{2})+\overline{m}(x^{\mathit{3}})\overline{\mathrm{n}}(x^{1}, x^{2})$ .
$\mathrm{p},\overline{\mathrm{p}}$ $\mathrm{n}$ $l,$ $m$ :
$\mathrm{p}_{1}=$ ( $1-\tan$ A $\tan B$ ) $\mathrm{f}_{1}$ , $\mathrm{p}_{2}=$ ( $1+\cot$ A $\tan B$ ) $\mathrm{f}_{2}$ ,
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$\overline{\mathrm{p}}_{1}=(1+\overline{l}(x^{3}))(1-\tan A \tan B)\overline{\mathrm{f}}_{1}$ , $\overline{\mathrm{p}}_{2}=(1+\overline{l}(x^{\mathit{3}}))(1+\cot A \tan B)\overline{\mathrm{f}}_{2}$ .
$x^{3}$
$\mathrm{p}$
$\mathrm{f}(x^{1}, x^{2})+l(x^{3})\mathrm{n}(x^{1}, x^{2})$ $\mathrm{R}_{x^{3}}^{\mathit{3}}$
$\overline{\mathrm{p}}$ $S_{x^{3}}^{3}$
$\mathrm{R}_{x^{3}}^{\mathit{3}}$ $S_{x^{3}}^{\mathit{3}}$ full
$\mathrm{R}^{4}$ $\Phi$ $\Phi(\mathrm{p}(x^{1}, x^{2}, x^{\mathit{3}}))=\overline{\mathrm{p}}(x^{1}, x^{2}, x^{3})$








(3.2) $\varphi(x^{1}, x^{2}, x^{3})=A(x^{1}, x^{2})+B(x^{\mathit{3}})$
$\overline{g}=(\cosh\varphi(x))^{2}(dx^{1})^{2}+(\sinh\varphi(x))^{2}(dx^{1})^{2}+(dx^{\mathit{3}})^{2}$





(3.5) $2\varphi_{1}\varphi_{13}\cosh 2\varphi-2\varphi_{2}\varphi_{23}\sinh 2\varphi+\varphi_{223}\sinh\varphi\cosh\varphi$
$-\varphi_{3}(\varphi_{11}+\varphi_{22})=-\varphi_{\mathit{3}}\varphi_{3\mathit{3}}(\sinh^{2}\varphi+\cosh^{2}\varphi)+(\varphi_{113}-\varphi_{223}+\varphi_{33\mathit{3}})\sinh\varphi\cosh\varphi$ .
3.1. $\{x^{1}, x^{2}, x^{3}\}$ $R^{3}$ ( $R^{\mathit{3}}$ ) Guichard net $R^{3}$
$g$ net t (3.1)
$A_{1}\neq 0$ $A_{2}\neq 0$ 1 $A(x^{1}, x^{2})$ $B_{3}\neq 0$
$B(x^{\mathit{3}})$
$\varphi$ :




(2) $A(x^{1}, x^{2})$ $B(x^{3})$ (a), (b), (c) :
$E$ $G$
(a) $A_{11}+A_{22}=- \frac{1}{2}E\sinh(2A)$ , $(B_{3})^{2}= \frac{1}{2}(E\cosh(2B)+G)$ .
(b) $A_{11}+A_{22}=E\cosh(2A)$ , $(B_{\mathit{3}})^{2}=E\sinh(2B)+G$ .
0 $A_{11}+A_{22}=Ee^{-2A}$ , $(B_{3})^{2}=Ee^{2B}+G$ .
. (1) 2.1-(1) (2)





2. $\cdot$ 1 (36) (3.7)

























(3.14) $A_{11}+A_{22}=- \frac{E}{2}$ s.nh(2A), $B_{3\mathit{3}}= \frac{E}{2}$ s.nh(2B)
$E$ $2B_{33}B_{3}=E/2\sinh(2B)\cdot(2B_{3})$ $G$
$(B_{\mathit{3}})^{2}=(E\cosh(2B)+G)/2$ $C(x^{1}, x^{2})<0$ (3.14)
$E$
(b) $C^{2}(x^{1}, x^{2})<D^{2}(x^{1}, x^{2})$ $D(x^{1}, x^{2})>0$ (3.11)
(a) $\zeta=\zeta(x^{1}, x^{2})$ :
$C/\sqrt{D^{2}-C^{2}}=\sinh\zeta$ , $D/\sqrt{D^{2}-C^{2}}=\cosh\zeta$ .
(3.12) $\overline{C}>\overline{D}$ $\overline{C}>0$ $\overline{C}$ $\overline{D}$
$B_{33}=\overline{C}\cosh(2B)+\overline{D}\sinh(2B)$
(a)
(3.15) $A_{11}+A_{22}=E\cosh(2A)$ , $(B_{\mathit{3}})^{2}=E\sinh(2B)+G$
$E$ $G$
$D(x^{1}, x^{2})<0$ (3.15) $E$




$\{D\cosh(2A)+C\sinh(2A)\}(x^{1}, x^{2})$ $\{D\sinh(2A)+C\cosh(2A)\}(x^{1}, x^{2})$








$A_{11}+A_{22}=\overline{C}e^{-2A}$ , $B_{\mathit{3}3}=\overline{C}e^{2B}$ ,
$\overline{C}=-\overline{D}$
$A_{11}+A_{22}=\overline{C}e^{2A}$ , $B_{33}=\overline{C}e^{-2B}$
2 $A$ $A$ $B$ $B$
3.1 q.e.d.
32. $R^{4}$ $S$ : $(x^{1}, x^{2})-+\mathrm{f}(x^{1}, x^{2})\in R^{4}$ $S$
normal bundle $\{\mathrm{n},\overline{\mathrm{n}}\}$
$\mathrm{n}_{1}=\kappa_{1}(x^{1}, x^{2})\mathrm{f}_{1}$ , $\mathrm{n}_{2}=\kappa_{2}(x^{1}, x^{2})\mathrm{f}_{2}$ ,
$\overline{\mathrm{n}}_{1}=\overline{\kappa}_{1}(x^{1}, x^{2})\mathrm{f}_{1}$ , $\overline{\mathrm{n}}_{2}=\overline{\kappa}_{2}(x^{1}, x^{2})\mathrm{f}_{2}$
$\kappa_{i}(x^{1}, x^{2})$ $\overline{\kappa}_{i}(x^{1}, x^{2})$ $S$
$S$ 2 $l(x^{3}),$ $m(x^{3})(l(0)=m(0)=0)$ $R^{4}$
$\mathrm{p}$ : $(x^{1}, x^{2}, x^{\mathit{3}})\vdash\Rightarrow \mathrm{p}(x^{1}, x^{2}, x^{3})\in R^{4}$ :
(3.17) $\mathrm{p}(x^{1}, x^{2}, x^{3})=\mathrm{f}(x^{1}, x^{2})+l(x^{3})\mathrm{n}(x^{1}, x^{2})+m(x^{3})\overline{\mathrm{n}}(x^{1}, x^{2})$ .
$(l(x^{3}), x(x^{\mathit{3}}))$ $R^{2}$ $\mathrm{p}$




( $e^{2P(0)}\{\cosh^{2}A(dx^{1})^{2}+\sinh^{2}A(dx^{2})^{2}\}$ $e^{P(0)}\mathrm{f}(x^{1}, x^{2})$
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$\mathrm{f}(x^{1}, x^{2})$ $e^{P(0)}=1$ $(l_{\mathit{3}}^{2}+m_{3}^{2})(0)=1$
( $\mathrm{p}(x^{1}, x^{2}, x^{\mathit{3}})$
(3.19) $||\mathrm{p}_{1}||=(1+l\kappa_{1}+m\overline{\kappa}_{1})^{2}\cosh 2A$ ,
$||\mathrm{p}_{2}||=(1+l\kappa_{2}+m\overline{\kappa}_{2})^{2}\sinh 2A$ , $||\mathrm{p}_{3}||=l_{3}^{2}+m_{3}^{2}$
$\sinh A\geq 0,$ $(1+l\kappa_{1}+m\overline{\kappa}_{1})\geq 0,$ $(1+l\kappa_{2}+m\overline{\kappa}_{2})\geq 0$
(3.18) (3.19)
(3.20) $\cosh(A+B)=\frac{1+l\kappa_{1}+m\overline{\kappa}_{1}}{\sqrt{l_{3}^{2}+m_{3}^{2}}}\cosh A$, $\sinh(A+B)=\frac{1+l\kappa_{2}+m\overline{\kappa}_{2}}{\sqrt{l_{3}^{2}+m_{3}^{2}}}$ s.nh $A$
(3.20)
(3.21) $\cosh B-\frac{1}{\sqrt{l_{3}^{2}+m_{3}^{2}}}=\frac{l}{\sqrt{l_{3}^{2}+m_{3}^{2}}}(\kappa_{1}\cosh 2A-\kappa_{2}\sinh 2A)$
$+ \frac{m}{\sqrt{l_{3}^{2}+m_{\mathit{3}}^{2}}}(\overline{\kappa}_{1}\cosh 2A-\overline{\kappa}_{2}\sinh 2A)$
(3.22) $\sinh B=\sinh$ A $\cosh A\{\frac{l}{\sqrt{l_{3}^{2}+m_{3}^{2}}}(\kappa_{2}-\kappa_{1})+\frac{m}{\sqrt{l_{3}^{2}+m_{\mathit{3}}^{2}}}(\overline{\kappa}_{2}-\overline{\kappa}_{1})\}$
(3.21). $l/\sqrt{l_{\mathit{3}}^{2}+m_{\mathit{3}}^{2}},$ $m/\sqrt{l_{3}^{2}+m_{\mathit{3}}^{2}}$ $x^{3}$
$(l(x^{\mathit{3}}), m(x^{\mathit{3}}))$ $C_{1}$ $C_{2}$
(3.23) ( $\kappa_{1}\cosh 2$ A-x2 $\sinh 2A$ ) $=C_{1}$ , $(\overline{\kappa}_{1}\cosh 2A-\overline{\kappa}_{2}\sinh 2A)=C_{2}$
(3.22) $C_{3}$ $C_{4}$
(3.24) $\sinh$ A $\cosh A(\kappa_{2}-\kappa_{1})=C_{3}$ , $\sinh$ A $\cosh A(\overline{\kappa}_{2}-\overline{\kappa}_{1})=C_{4}$
(3.23) (3.24)
$\kappa_{1}=C_{1}+C_{\mathit{3}}\tanh A$ , $\kappa_{2}=C_{1}+C_{\mathit{3}}\coth A$ ,
$\overline{\kappa}_{1}=C_{2}+C_{4}\tanh A$ , $\overline{\kappa}_{2}=C_{2}+C_{4}\coth A$
( $C_{3}=0$ a $\mathrm{n}=\mathrm{a}+C_{1}\mathrm{f}$
$<\mathrm{a}+C_{1}\mathrm{f},$ $\mathrm{f}_{i}>=<\mathrm{n},$ $\mathrm{f}_{i}>=0(i=1,2)$ $||\mathrm{a}+C_{1}\mathrm{f}||=$
$\mathrm{f}$ $C_{3}\neq 0,$ $C_{4}\neq 0$ )
(3.25} $\mathrm{n}_{1}=(C_{1}+C_{3}\tanh A)\mathrm{f}_{1}$ , $\mathrm{n}_{2}=(C_{1}+C_{\mathit{3}}\coth A)\mathrm{f}_{2}$,
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$<C_{4}\mathrm{n}-C_{3}\overline{\mathrm{n}},$ $\mathrm{f}>=<\mathrm{a},$ $\mathrm{f}>+<\mathrm{f},$ $\mathrm{f}>$ $x^{i}(i=1,2)$
(3.28) $<\mathrm{f}_{i},$ $\mathrm{f}>+<C_{4}\mathrm{n}-C_{3}\overline{\mathrm{n}},$ $\mathrm{f}_{i}>=<\mathrm{a},$ $\mathrm{f}_{i}>+2<\mathrm{f}_{i},$ $\mathrm{f}>$
$\mathrm{n}$
$\overline{\mathrm{n}}$ $S$ (3.28) $\mathrm{a}+\mathrm{f}$ , fi>=0
$<\mathrm{a}+\mathrm{f},$ $\mathrm{a}+\mathrm{f}>=$
$S$ $(-\mathrm{a})$ $S^{3}$ q.e.d.
3 32 [8] 5.2-(3.II) $P=P(x^{3})$ (3.1)
generic
$\cosh 2A(dx^{1})^{2}+\sinh^{2}A(dx^{2})^{2}$ $\mathrm{R}^{\mathit{3}}$ $S^{3}$ 32
“ 3.1 $A(x^{1}, x^{2})$ (1) (2)
$\mathrm{R}^{3}$ $S^{3}$ ?” :(1)
(2) 32 normal bundle







$A$ (1) (2) :







. $E$ $E=\overline{E}^{2}$ $\hat{g}$ $K$
(3.31) $K=-(A_{11}+A_{22})/$ ($\sinh$ A $\cosh A$ )
(3.32) $s_{11}=\overline{E}a(x^{1}, x^{2})\cosh 2A$, $s_{22}=-\overline{E}b(x^{1}, x^{2})\sinh 2A$
$S$ $\mathrm{R}^{3}$ (3.31)
(3.33) $\overline{E}^{2}ab=(A_{11}+A_{22})/$ ($\sinh$ A $\cosh A$)
$S$ 1 $S^{3}$
(3.34) $\overline{E}^{2}ab-1=(A_{11}+A_{22})/$ ($\sinh$ A $\cosh A$).
Coddazi
(sll)/\partial x2 $=\Gamma_{12}^{1}s_{11}-\Gamma_{11}^{2}s_{22}$ , $\partial(s_{22})/\partial x^{1}=-\Gamma_{22}^{1}s_{11}+\Gamma_{12}^{2}s_{22}$
(3.35) a2 cosh $A=-(a+b)A_{2}\sinh A$ , $b_{1}\sinh A=-(a+b)A_{1}\cosh A$
$a$ $b$ 32 ((3.25) (3.26)) $a=a(A)$ , $b=$
$b(A)$ $a’=\partial a/\partial A$ , $b’=\partial b/\partial A$ (3.35)
$(a+b)’=-(a+b)(\cosh^{2}A+\sinh^{2}A)/(\sinh A\cosh A)$
: $C$
(3.36) $(a+b)=C/$ ($\sinh$ A $\cosh A$)
$A$ 3.1-(2) (a) $\mathrm{R}^{\mathit{3}}$
(3.33) $ab=-1$
- (3.36) $a$ $b$ $t$ 2 $t^{2}-(C/(\sinh A\cosh A))t-1=0$
(3.25) (3.26) $a$ $b$ $\sinh A$ $\cosh A$




$\hat{s}=-\overline{E}\sinh$ A $\cosh A\{(dx^{1})^{2}+(dx^{2})^{2}\}$
$E=\overline{E}^{2}>1$ $S^{\mathit{3}}$ (3.34)
$ab=-1+\overline{E}^{-2}$ $ab=-D$ $\mathrm{R}^{3}$ { $a$ , $b$
$t^{2}-(C/(\sinh A\cosh A))t-D=0$ $C^{2}=D$
$D>0$ . $a=-\sqrt{D}\sinh A/\cosh A,$ $b=\sqrt{D}\cosh A/\sinh A$
$\hat{s}$
$\hat{s}=-\overline{E}\sqrt{D}\sinh$ A $\cosh A\{(dx^{1})^{2}+(dx^{2})^{2}\}$
(b) $\mathrm{R}^{\mathit{3}}$ [ $ab=\cosh(2A)/(\sinh A\cosh A)$ $a$
$b$ {
$t^{2}-(C/(\sinh A\cosh A))t+\cosh(2A)/(\sinh A\cosh A)=0$
(a) $D$ $a$
$b$
$D=e^{4A}\{(e^{-4A}+C^{2})^{2}-1-C^{4}\}/$( $2\sinh 2$ A $\cosh 2A$ )
$S^{3}$ $ab=\cosh(2A)/(\sinh A\cosh A)+\overline{E}^{-2}$
$D$






(c) $\mathrm{R}^{3}$ { $ab=e^{-2A}/(\sinh A\cosh A)$ $C^{2}=1$
$a=(1-e^{-2A})/(2\sinh A\cosh A),$ $b=(1+e^{-2A})/(2\sinh A\cosh A)$
$\hat{S}$
$\hat{s}=\overline{E}e^{-A}\{\cosh A(dx^{1})^{2}-\sinh A(dx^{2})^{2}\}$
$S^{3}$ $ab=e^{-2A}/(\sinh A\cosh A)+\overline{E}^{-2}$ 1] $D$








$E=-\overline{E}^{2}$ (a), (b), (c)
(3.31) $-(3.36)$ $E=-\overline{E}^{2}$
(a) $\mathrm{R}^{3}$ $ab=1$ $S^{3}$
$ab=1+\overline{E}^{-2}$ 2 $D$
$D=(C^{2}-\sinh^{2}(2A))/$ ( $\sinh^{2}$ A $\cosh 2A$),
$D=\{C^{2}-(1+\overline{E}^{-2})\sinh 2(2A)\}/$( $\sinh^{2}$ A $\cosh 2A$)
(b) $\mathrm{R}^{\mathit{3}}$ $ab=-\cosh(2A)/(\sinh A\cosh A)$
$S^{3}$ ( $ab=-\cosh(2A)/(\sinh A\cosh A)+\overline{E}^{-2}$
2 $D$
$D\sinh 2$ A $\cosh 2A=C^{2}+\sinh(4A)$ ,
$4D\overline{E}^{2}\sinh 2$ A $\cosh 2A=(4C^{2}\overline{E}^{2}+2)+(2\overline{E}^{2}-1)e^{4A}-(2\overline{E}^{2}+1)e^{-4A}$
(c) $\mathrm{R}^{3}$ $ab=-e^{-2A}/(\sinh A\cosh A)$
$S^{\mathit{3}}$ ( $ab=-e^{-2A}/(\sinh A\cosh A)+\overline{E}^{-2}$ 2
$D$
$D\sinh 2$ A $\cosh 2A=(C^{2}+1)-e^{-4A}$ ,
$4D\overline{E}^{2}\sinh 2$ A $\cosh 2A=(4C^{2}\overline{E}^{2}+4\overline{E}^{2}+2)-e^{4A}-(4\overline{E}^{2}+1)e^{-4A}$
$E=-\overline{E}^{2}$ q.e.d.
3.4. $A=A(x^{1}, x^{2})$ $B(x^{3})$ 3.1-(2) (a)





$\hat{s}=-\sqrt{E}\sinh$ A $\cosh A\{(dx^{1})^{2}+(dx^{2})^{2}\}$ .




. $S$ $\mathrm{R}^{3}$ $S:(x^{1}, x^{2})\vdasharrow \mathrm{f}(x^{1}, x^{2})\in \mathrm{R}^{3}$
(3.17)
$\mathrm{p}(x^{1}, x^{2}, x^{3})=(\mathrm{f}(x^{1}, x^{2})+l(x^{\mathit{3}})\mathrm{n}(x^{1}, x^{2}),$ $m(x^{3}))$
32 $\mathrm{n}(x^{1}, x^{2})$ $\mathrm{R}^{3}$ $S$
$\overline{\mathrm{n}}(x^{1}, x^{2})$ e4
$\mathrm{n}_{1}=\sqrt{E}\sinh A/\cosh$ A $\mathrm{f}_{1}$ , $\mathrm{n}_{2}=\sqrt{E}\cosh A/\sinh$ $A$ f2
$\overline{\mathrm{n}}_{1}=\overline{\mathrm{n}}_{2}=0$ (3.20) :
$\cosh(A+B)=\frac{\cosh A+\sqrt{E}l\sinh A}{\sqrt{l_{\mathit{3}}^{2}+m_{3}^{2}}}$ , $\sinh(A+B)=\frac{\sinh A+\sqrt{E}l\cosh A}{\sqrt{l_{3}^{2}+m_{3}^{2}}}$ .
(3.38) $\cosh B=1/\sqrt{l_{3}^{2}+m_{3}^{2}}$ , $\sinh B=\sqrt{E}l/\sqrt{l_{3}^{2}+m_{3}^{2}}$
(3.38) $l$ $m$ $\mathrm{p}$ generic
(3.38)
$l_{\mathit{3}}^{2}+m_{3}^{2}=1-El^{2}$ , $l=\tanh B/\sqrt{E}$
$B_{3}^{2}=(E\cosh(2B)+G)/2$ $m_{3}^{2}=(E-G)/(2E\cosh 4B)$
$E>G$ $E=G$ $m_{\mathit{3}}=0$ $\mathrm{p}$
$\mathrm{p}$ q.e.d.
35. $A=A(x^{1}, x^{2})$ $B(x^{3})$ 3.1-(2) (a)
$E>1$ $S$ $A$




$\hat{s}=-\sqrt{E-1}\sinh$A $\cosh A\{(dx^{1})^{2}+(dx^{2})^{2}\}$ .




. $S$ $S^{3}$ ( $S:(x^{1}, x^{2})\vdasharrow \mathrm{f}(x^{1}, x^{2})\in S^{3}$
(3.17) $\mathrm{f}(x^{1}, x^{2})$ $S^{\mathit{3}}$
$\mathrm{n}(x^{1}, x^{2})$ $S^{3}$ $S$
$\mathrm{p}(x^{1}, x^{2}, x^{3})=(1+l(x^{\mathit{3}}))\mathrm{f}(x^{1}, x^{2})+m(x^{\mathit{3}})\mathrm{n}(x^{1}, x^{2})$
$\mathrm{n}_{1}=\sqrt{E-1}\sinh A/\cosh$ A $\mathrm{f}_{1}$ , $\mathrm{n}_{2}=\sqrt{E-1}\cosh A/\sinh$ $A$ f2
(3.20) :
$\cosh(A+B)=\frac{(1+l)\cosh A+\sqrt{E-1}m\sinh A}{\sqrt{l_{\mathit{3}}^{2}+m_{3}^{2}}}$ ,
$\sinh(A+B)=\frac{(1+l)\sinh A+\sqrt{E-1}m\cosh A}{\prec\sqrt{l_{3}^{2}+m_{3}^{2}}}$ .
(3.39) $\cosh B=(1+l)/\sqrt{l_{\mathit{3}}^{2}+m_{\mathit{3}}^{2}}$ , $\sinh B=\sqrt{E-1}m/\sqrt{l_{3}^{2}+m_{3}^{2}}$
(3.39) $l$ $m$ $\mathrm{p}$ generic
$\overline{l}=(1+l),$ $C=\sqrt{l_{3}^{2}+m_{3}^{2}}$
(3.40) $m=\overline{l}\tanh B/\sqrt{E-1}$, $\overline{l}^{2}-(E-1)m^{2}=C^{2}$
$m$ $m_{\mathit{3}}=(\overline{l}_{\mathit{3}}\sinh B\cosh B+\overline{l}B_{\mathit{3}})/(\sqrt{E-1}\cosh 2B)$ (3.39)
$\cosh 2B(E\cosh 2B-1)(\frac{\overline{l}_{\mathit{3}}}{\overline{l}})^{2}+2B_{3}\sinh B\cosh B\frac{\overline{l}_{3}}{\overline{l}}+\{B_{3}^{2}-(E-1)\cosh 2B\}=0$
$(\overline{l}_{3}/\overline{l})$ $(B_{3})^{2}=(E\cosh(2B)+G)/2$ $D$
$D/2=(E-1)(E-G-2)\cosh 4B$
$E\geq G+2$ $l(x^{3})$ $m(x^{\mathit{3}})$
$E=G+2$ $m_{3}=\sqrt{E-1}B_{3}\overline{l}/(E\cosh 2B-1)$ $\mathrm{q}.\mathrm{e}.\mathrm{d}$ .
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\S 2 2.1
3.1. $E>1_{f}$ $E\geq G+2$ $\{A(x^{1}, x^{2}), B(x^{\mathit{3}})\}$
( 3.4 3 )2 generic
$\mathrm{R}^{\mathit{3}}$
36. $A=A(x^{1}, x^{2})$ $B(x^{3})$ 3.1-(2) (c)
$E>0$ $S$ $A$ $R^{3}$
$S$ $\hat{g}$ $\hat{s}$ :
$\hat{g}=\cosh^{2}A(dx^{1})^{2}+\sinh^{2}A(dx^{2})^{2}$ ,
$\hat{s}=\sqrt{E}e^{-A}\{\cosh A\{(dx^{1})^{2}-\sinh A(dx^{2})^{2}\}$ .
$S$ $B(x^{3})$ 32 (3.17) $\mathrm{p}(x^{1}, x^{2}, x^{\mathit{3}})$




$\mathrm{p}(x^{1}, x^{2}, x^{3})=(\mathrm{f}(x^{1}, x^{2})+l(x^{3})\mathrm{n}(x^{1}, x^{2}),$ $m(x^{3}))$
$\mathrm{f}$ $\mathrm{n}(x^{1}, x^{2})$
$\mathrm{n}_{1}=-\sqrt{E}e^{-A}/\cosh$ A $\mathrm{f}_{1}$ , $\mathrm{n}_{2}=\sqrt{E}e^{-A}/\sinh$ A $\mathrm{f}_{2}$
(3.41) $2\sqrt{E}l=1-e^{-2B}$ , $m_{\mathit{3}}^{2}=1-2\sqrt{E}l-l_{\mathit{3}}^{2}$
(3.41) $l$ $m$ $\mathrm{p}$ generic
$\sqrt{E}l_{\mathit{3}}=e^{-2B}B_{\mathit{3}}$ $B_{3}^{2}=Ee^{2B}+G$ $Em_{\mathit{3}}^{2}=-Ge^{-4B}$
$G<0,$ $Ee^{2B}+G>0$ $\mathrm{p}(x^{1}, x^{2}, x^{3})$ {
q.e.d.
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